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Systems involving mass transfer operation accompanied 
by chemical reaction are usually designed by using some 
of the models found in the technical literature on the sub- 
ject. These models allow us to understand and predict the 
phenomena. 

The two principal models for the mechanism of mass 
transfer between two phases are the film model (1 ) and 
the penetration model (4, 5 ) .  Toor and Marchello (2) 
proposed the film-penetration model that includes the 
two above mentioned as limiting cases and explains the 
fact that in the proportionality 

kh DY 
Y varies widely. 

Huang and Kuo (3) extended Toor and Marchello's 
work by taking into account a simultaneous first-order 
chemical reaction. The differential equation representing 
the case is 

with the boundary conditions 

x = o  t > O  CA=CAi 
x = L  t > O  CA=CAL 
x > O  t = O  C A = C A L  

They gave two equivalent solutions, one of which is 

sin( y)] (3) 

The other is obtained by the Laplace transform method. 
It has the advantage of showing a rapid convergence for 
short contact times; on the other hand, Equation (3) con- 
verges rapidly for long contact times. 

However, solution (3) cannot be reduced for extreme 
values to Hatta's general solution for the film model (6, 
7) ;  it gives instead another expression of Hatta's that is 
valid only for low bulk concentration of the dissolving 
gas. 

The present work was undertaken to find a more gen- 
eral solution to the differential Equation (1) with bound- 
ary conditions (2). 

Correspondence concerning thir communication should be addressed 
to Professor Josd C. Merchuk. H. M. Lupin is at the Universidad Pro- 
vincial de Mar del Plata. Mar del Plata, Argentina. 
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THE CONCENTRATION PROFILE INSIDE THE ELEMENT 

The method used to solve the differential Equation (1) 
with boundary conditions (2) is based on the sum of two 
solutions (8). First, the steady state differential equation 

d2U - = ku 
d x 2  

is solved with the boundary conditions 

(4) 

Then from a second differential equation 

a2w 
at at 
- aW -- D A - -  k w  

is solved with the boundary conditions 

w = O  in x = O  and x = L  for t > O  

w = CAL - U ( X )  for t = 0 
} (7) 

where u ( x )  is the solution of Equation (4).  Finally the 
solution of our system is 

1 

sinh (l/di) 
C =  

C A ~  - CAL( -1)" s i n ( m / L )  
+ 1   an^ I n  

mexp [ - t (  q + k ) ]  ( 8 )  

THE MASS TRANSFER RATE 

The point mass transfer rate will be 

(9) 

and using Equation (8) for CA 
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* exp [- t&( l+  ananP1 (10) 

The average rate of mass transfer across the entire inter- 

1' 
face will be 

DANCKWERTS GEN. ol-0 

4 
Eq.18 0rL-m 

c 

After integration we obtain 

THIS WORK (34 HATTA GEN. 

Eq.12 ors-0 Q.15 
b 

LIMITING CASES 

The general equations may be investigated in the light 
of limiting cases. When C A ~  >> CAL Equation (10) is 
reduced to 

TOOR-MARCHELLO 

Eq. 14 

1 { + 2 1 + an2$ exp [- kt(an2f + 113 
1 + an2&' n = l  

( 13) 

which is exactly the same as the equation derived by 
Huang and Kuo ( 4 ) .  

approach 
zero, Equation (12) is reduced to 

When the dimensionless groups a-l  and 

HUANG-KUO 

Eq.13 

(14) 
which is identical to the rate equation for physical mass 
transfer derived by Toor and Marchello ( 2 ) .  

When t -+ 00, Equation (10) is reduced to 

- CAL csch( l/dZ) ] (15) 
which is exactly the same general equation derived by 
Hatta (7, 8) for mass transfer with chemical reaction in 
a stagnant film. Here as k 3 0 we get the rate of physical 
mass transfer as predicted by the film model 

(16) 

Equation (12) may be written in an alternative form as 

DA 
L NAO = - ( C A ~  - CALI 

R A = d ~ A k ( l + f i )  

Q B csch ( l/&) 

- C A L  [ V k T { 7 T T -  VZ 
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I Eq.16 I 1 Eq39 1 
Fig. I .  Limiting cases of the derived equation. 

If L 3 co or QL 3 0, Equation (17) is reduced to 

S - 
NA = C A ~  d D m )  - CAL d n  * d- 

s + k  

(18) 
first proposed by Danckwerts for the penetration model 
( 6 ) .  

When t + 00, Equation (10) and Equation (13), when 
GAL >> CA+ are both reduced to Hatta's expression for 
low bulk concentration. 

All these limiting cases and their connections can be seen 
in Figure 1. 

CONCLUSIONS 

A general mathematical solution based on the film-pene- 
tration concept accompanied by a first-order chemical re- 
action has been obtained. For extreme values of the 
dimensionless numbers a, 8, kt or for CAL + 0, it is re- 
duced to the equations developed by previous workers 
that appear as limiting cases. 
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NOTATION 

A = reactant A 
C A  = concentration of component A in solution, g.- 
CAi = concentration of component A at interface, g.- 

Car. = concentration of component A at the outer edge 
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mole/liter 

mole/liter 

of a surface element, g.-mole/liter 



D 
DA 
L 
N A  

k 
n 
S 
t 
U 

W 
x 

= molecular diffusivity, sq.cm./sec. 
= molecular diffusivity of A, sq.cm./sec. 
= thickness of a surface element, cm. 
= point rate of chemical mass transfer for compo- 

nent A, g.-mole/ (sq.cm.) (sec.) 
= average rate of chemical m a s  transfer for compo- 

nent A, g.-mole/ (sq.cm.) (sec.) 
= average rate of physical mass transfer for compo- 

nent A, g.-mole/ (sq.cm.) (sec.) 
= liquid side mass transfer coacient with chemical 

reaction, cm./sec. 
= reaction velocity constant, l/sec. 
= integer 
= surface renewal rate, l/sec. 
= time, sec. 
= dummy variable 
= dummy variable 
= distance, cm. 

Greek Letten 

a = dimensionless group DA/(k L2) 
f i  = dimensionless group s /k  

v = exponent 
= dimensionless group, dfi or DA/(SL~) 
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Comments on Hybrid Computing Time of A DI Method 
THOMAS J.  McAVOY 
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A recent article (1 ) by Bishop and Green discusses what 
appears to be a promising method for hybrid computer 
solution of multidimensional partial differential equations. 
However, in making a time comparison between hybrid 
and digital implementation of the method, the authors 
make some assumptions which I feel are questionable. They 
assume that timing will be bmpletely determined by the 
time it takes the digital to perform its operations. They 
also assume that hybrid calculations on the digital are 
carried out using floating point arithmetic. 

Because A / D  and D / A  converters are of limited ac- 
curacy, the use of floating point arithmetic is not justified. 
If the original dimensionless temperature equations are 
programmed on the analog, one has to A / D  convert T*i, i 
and D / A  convert either the quantity 

or 

at each mode. This can be accomplished b using single 
precgion b e d  points arithmetic and caldating, for ex- 

(T’f+lJ - 2T*fJ + TOf-lJ) 

(T*r.5+1 - 2T*i,j + T O u - 1 )  

(1) 

(2) 

The accuracy of the above quantity would be the same as 
that of the A / D  converter. The use of fixed point arith- 
metic results in the digital portion of the hybrid becoming 
a very fast function storage and playback device rather 
than a slow calculating device. For an all digital imple 
mentation of the A DZ method single precision fixed point 
arithmetic is out of the question because of the accumu- 
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lation of numerical errors. 
Based on the above considerations I have made a time 

estimate for digital and hybrid implementation of the 
A DZ method assuming the use of a P DP-8 digital com- 
puter. The all digital implementation would take about 6 
milliseconds per node assuming .5 msec. per addition and 
2 msec. per multiplication or division. For the hybrid im- 
plementation the calculation of equation 3 would take 
about 30 microseconds. Thus, the hybrid appears to be 
about 200 times faster than the digital. However, the 
speed of the linkage would be an important factor in the 
hybrid. Assuming 35 psec. for an A / D  conversion and 
10 pec.  for a D / A  conversion then the hybrid appears to 
be about 80 times faster than the digital. It is realized that 
this estimate is rou h, but it is felt that this is a much more 

Previous time comparisons which have appeared in the 
literature (2 to 4 )  have shown that a hybrid computer is 
anywhere from 20 to 120 times faster than a digital com- 
puter for solving partial differential equations. 

realistic estimate t a an the value of 2 given in the paper. 
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